ABSTRACT. For some numerical semigroup rings of small embedding dimension, namely those of embedding dimension 3, and symmetric or pseudosymmetric of embedding dimension 4, presentations has been determined in the literature. We extend these results by giving the whole graded minimal free resolutions explicitly. Then we use these resolutions to determine some invariants of the semigroups and certain interesting relations among them. Finally, we determine semigroups of small embedding dimensions which have strongly indispensable resolutions.
INTRODUCTION
Let S = n 1 , . . . , n k be a numerical semigroup, i.e., n i are positive integers with greatest common divisor 1, and S = { k i=1 u i n i : u i are nonnegative integers}. Let P F (S) = {n ∈ Z \ S : n + s ∈ S for all s ∈ S \ {0}}. The elements in P F (S) are called the pseudofrobenius numbers of S. Since S is a numerical semigroup, N \ S is finite. The largest integer g(S) / ∈ S belongs to P F (S) and is called the Frobenius number of S. If P F (S) = {g(S)}, S is called symmetric, since then, for each n ∈ Z, exactly one of n and g(S) − n lies in S. If P F (S) = {g(S)/2, g(S)}, S is called pseudosymmetric. Let , where x i → t ni . If deg S (x i ) = n i , this map is homogeneous of degree 0. Throughout the paper, we drop S in the notation and simply use deg(F ) for a polynomial F ∈ A, except in the proof of Theorem 25 where there are two semigroups involved. S is symmetric if and only if k[S] is a Gorenstein ring [14] . If the embedding dimension k is small, then I S has been determined in some cases, e.g. if k = 3 by Herzog [11] , if k = 4 and S symmetric by Bresinsky [1] , and if k = 4 and S pseudosymmetric by Komeda [13] . We will determine a minimal graded A-resolution in these cases. In the first case the resolution was given by Denham [7] . There is a concept, strong indispensability, which give a kind of uniqueness of the minimal graded resolution. In the last section we classify semigroup rings of small embedding dimension which have strongly indispensable resolutions. The original motivation for strong indispensability comes from its applications in Algebraic Statistics, see e.g. [19] .
RESOLUTIONS
For completeness we start with 3-generated symmetric semigroups. If S is symmetric, then K[S] is a complete intersection ( [11, Theorem 3.10] ), so the resolution is given by the Koszul complex. If S is not symmetric, then we use Herzog's result.
Theorem 1. [11, Proposition 3.2]
Let α i , 1 ≤ i ≤ 3 be the smallest positive integer such that α i n i ∈ n k , n l , {i, k, l} = {1, 2, 3}, and let α i n i = α ik n k + α il n l . Then S = n 1 , n 2 , n 3 is 3-generated not symmetric if and only if α ik > 0 for all i, k, α 21 + α 31 = α 1 , α 12 + α 32 = α 2 , α 13 + α 23 = α 3 . Then Next we look at 4-generated symmetric but not complete intersection semigroups. We use Bresinsky's theorems.
Theorem 3. [1, Theorem 5, Theorem 3]
The semigroup S is 4-generated symmetric, not complete intersection, if and only if there are integers α i , 1 ≤ i ≤ 4, α ij , ij ∈ {21, 31, 32, 42, 13, 43, 14, 24}, such that 0 < α ij < α i , for all i, j,
, where
We now give the whole minimal graded free A-resolution of K[S] such that the matrix representation of φ 2 with respect to a suitable basis of A 5 is an alternate matrix whose pfaffians give φ 1 and φ 3 . The structure of the resolution is known by [3] and our main contribution is to give the matrix φ 2 explicitly. The proof will follow in the next section.
Theorem 4. If S is a 4-generated symmetric, not a complete intersection, semigroup, then the following is a minimal graded free A-resolution of K[S]:
Next we look at 4-generated pseudosymmetric semigroups. We use Komeda's theorems. 
Note that Komeda calls these semigroups almost symmetric.
We now give the whole minimal A-resolution of K [S] . The proof will follow in the next section.
Theorem 6.
If S is a 4-generated pseudosymmetric semigroup, then the following is a minimal graded free A-resolution of K[S]:
PROOFS
In all proofs we use the following theorem by Buchsbaum-Eisenbud, see also [8] . 
In all theorems it is an easy, but sometimes tedious, task to check that we have complexes. We consider this done.
Proof of Theorem 2. For completeness we give the proof also in this case. We have to show that rank(φ 1 ) = 1 and rank(φ 2 ) = 2. Furthermore that I(φ i ) contains a regular sequence of length i for i = 1, 2. Since I(φ 1 ) = I(φ 2 ) = (f 1 , f 2 , f 3 ), and K[S] is 1-dimensional Cohen-Macaulay, this is clear.
Proof of Theorem 4.
We have to show that the rank(φ 1 ) =rank(φ 3 ) = 1, and that rank(φ 2 ) = 4. Furthermore that I(φ i ) contains a regular sequence of length i for all 1 ≤ i ≤ 3. That rank(φ 1 ) = rank(φ 3 ) = 1 is clear. Denote by pf(∆) the pfaffian of ∆ and by ∆ ij the matrix obtained from ∆ by deleting the i-th row and j-th column. Setting ∆ = φ 2 for notational convenience, we observe that pf(∆ ii ) = f i for i = 1, 3, 5 and
2 , we get det(∆ 11 ) = f . These two determinants are relatively prime, so they constitute a regular sequence. In fact, I(φ 2 ) = (
Proof of Theorem 6. We have to show that rank(φ 1 ) = 1, rank(φ 2 ) = 4, and that rank(φ 3 ) = 2. Furthermore that I(φ i ) contains a regular sequence of length i for all 1 ≤ i ≤ 3. That rank(φ 1 ) = 1 is clear. Of course rank(φ 2 ) ≤ 5, but φ 2 has a nonzerodivisor in the kernel, so by McCoy's theorem rank(φ 2 ) ≤ 4. Among the 4-minors of φ 2 we have x 3 f 3 3 and x 2 f 2 f 4 . They are relatively prime, so I(φ 2 ) contains a regular sequence of length 2. The following elements are 2-minors of φ 3 : f 1 , f 4 , f 5 , x 3 f 2 , x 3 f 3 . Since f 1 and f 4 are relatively prime, they constitute a regular sequence.
contains a regular sequence of length four, at least one of
contains a regular sequence of length 3.
APPLICATIONS
We will use the following well known facts: If the numerical semigroup S is generated by k elements, and
is a 1-dimensional Cohen-Macaulay ring:
The alternating sum of the β i 's, the Betti numbers, is zero, where
is defined by i-th homology of the tensored complex. On the other hand, the Betti numbers of R := A/I S are defined by
, we identify them and this gives us an alternative way to define the Betti numbers, since also Tor
, where G is a minimal A-resolution of K (the Koszul complex). As R is Cohen-Macaulay, the highest nonzero Betti number is called the CM-type of R. The ring R is homogeneous if we set deg(x i ) = n i . If we concentrate F above to a certain degree d, we get an exact sequence of vector spaces 
Recall that the set of pseudofrobenius numbers of a numerical semigroup S is P F (S) = {n ∈ Z \ S : n + s ∈ S for all s ∈ S \ {0}} and its cardinality is by definition the type of the semigroup S. It is known that the type of S coincides with the CM-type of the semigroup ring K[S]. We show here below how this relation is more strict. 
, and equals the dimension of Soc(K[S]/(t n1 )), which exists in degrees
Thus, by Lemma 8, n ∈ P F (S) if and only if β k−1,n+N = 0 (in fact β k−1,n+N = 1, corresponding to the Frobenius number).
We illustrate the proposition with an example.
Example 10. The semigroup S = 7, 9, 8, 13 is symmetric and not complete intersection by Theorem 3, thus the ring R = K[S] is Gorenstein and not a complete intersection. Set R = R/(t 7 ). The dimension of Soc(R) is one sinceR is also a Gorenstein ring and by Lemma 8 it is generated by t g(S)+7 = t 26 . Since G is the Koszul complex of length k−1 = 3 in the three variables x 2 , x 3 , x 4 of degrees n 2 , n 3 , n 4 , the vector space H 3 (G ⊗ R) is nonzero only in degree (g(S) + n 1 ) + (n 2 + n 3 + n 4 ) = (19 + 7) + (9 + 8 + 13) = 56.
Corollary 11. In the notation of Theorem
Proof. We get β 2 = β 2,α1n1+α23n3 +β 2,α1n1+α32n2 by adding the degrees in the resolution given in Theorem 2 and by using Proposition 9.
This corollary extends the result in [17, Corollary 12] , where the Frobenius number of 3-generated semigroups is determined.
Example 12.
Let S = 7, 9, 10 . Then, S is 3-generated not symmetric as
We have, by Theorem 2, β 1,i = 0 (in fact β 1,i = 1) only if i ∈ {α 1 n 1 , α 2 n 2 , α 3 n 3 } = {28, 27, 30}, and β 2,i = 0 (in fact β 2,i = 1) only if i ∈ {α 1 n 1 + α 23 n 3 , α 1 n 1 + α 32 n 2 } = {28 + 20, 28 + 9} = {48, 37}. Thus P F (S) = {48 − N, 37 − N } = {22, 11} and we obtain the K-polynomial as
.
Corollary 13. If S is 4-generated symmetric, not a complete intersection, we always have
and
Proof. If we multiply φ 1 with the first column of φ 2 we get f 2 x
4 . Since the resolution is graded, these three terms have the same degree a 1 which is the inner degree where we have β 2,a1 = 1. Thus we get the equalities for a 1 , and the equalities for a 2 , a 3 , a 4 , and a 5 are proved similarly. The last line is the inner degree of the last module in the resolution and we get it by comparing the degrees when we multiply φ 2 with φ 3 .
Corollary 14. In the notation of Theorem
Indeed, we can determine S completely by appealing to Hilbert series.
So,
Therefore, S = {0, 7, 8, 9, 13, 14, 15, 16, 17, 18} ∪ {s ∈ Z : s ≥ 20}.
Corollary 16.
If S is a 4-generated pseudosymmetric semigroup, we always have
Proof. This follows from the different ways to determine the degrees of H 2 (F) and H 3 (F) in the resolution F in the same way as in the proof of Corollary 13. So, if we multiply φ 1 with the first column of φ 2 we get f 1 x 2 + f 3 x α21+1 1 − f 5 x 3 whose degree b 1 is the inner degree where we have β 2,b1 = 1. We did not include b 2 = deg(f 2 ) + deg(f 3 ) as it does not give any new relation. The last two numbers c 1 and c 2 give the inner degrees of the last free module A(−c 1 ) ⊕ A(−c 2 ) in the resolution.
Corollary 17.
If S = n 1 , . . . , n 4 is a 4-generated pseudosymmetric semigroup, then
Proof. By Proposition 9, we know that P F (S) = {c 1 − N, c 2 − N }, where the numbers c 1 = α 1 n 1 + n 2 + n 4 and c 2 = α 1 n 1 + α 2 n 2 + (α 3 − 1)n 3 by Corollary 16. 
STRONGLY INDISPENSABLE MINIMAL FREE RESOLUTIONS
Motivated by the open questions listed at the end of [5] , our main aim here is to classify numerical semigroup rings with small embedding dimensions whose minimal free resolutions are strongly indispensable. Toric ideals generated minimally by indispensable binomials or equivalently those having a unique minimal generating set are of special importance for some emerging problems arising from Algebraic Statistics, see e.g. [19] . We recall briefly that indispensable binomials are constant multiples of those binomials that appear in every minimal binomial generating set. Strongly indispensable binomials are those whose constant multiples are present in every (not necessarily binomial) minimal generating set. Similarly, one can talk about (strong) indispensability of higher syzygies, by requiring that they must be present in every (not necessarily simple) minimal free resolution, see [4, 5] For a graded minimal free A-resolution
, let A βi be generated in degrees s i,j ∈ S, which we call i-Betti degrees, i.e.
The resolution (F, φ) is strongly indispensable if for any graded minimal resolution (G, θ), we have an injective complex map i : (F, φ) −→ (G, θ). The following will be very useful for accomplishing the classification of numerical semigroups of small embedding dimensions whose minimal free resolutions are strongly indispensable. We consider the partial order on S given by s 1 ≻ S s 2 if s 1 − s 2 ∈ S. We now single out a special case in which K[S] is Gorenstein. In this case it suffices to check the differences of the first half of the indices:
Lemma 19. A minimal graded free resolution of K[S] is strongly indispensable if and only if the differences between the i-Betti degrees do not belong to S for all
i = 1, . . . , k − 1.
Lemma 21. If S is a symmetric and k-generated semigroup, then a minimal graded free resolution of K[S] is strongly indispensable if and only if the differences between the iBetti degrees do not belong to
Proof. It is known by [3] that the resolution is symmetric, i.e. β i = β k−1−i and as pointed out by Stanley in the second proof of Theorem 4.1. in [18] , the generators of A βi can be labeled in such a way that their degrees s i,j satisfy s i,j + s k−1−i,βi−j+1 = s 0 , for all j = 1, . . . , β i , where s 0 = s k−1,1 . Therefore, the differences satisfy
For 3 or 4-generated symmetric semigroups, this reduces our problem to investigate the differences of the 1-Betti degrees, since in this case ⌊(k − 1)/2⌋ = 1.
Corollary 22. If S is a 3 or 4-generated symmetric semigroup, then a minimal graded free resolution of K[S] is strongly indispensable if and only if the toric ideal I S is generated by indispensable binomials.
Assume that S = n 1 , n 2 , n 3 is symmetric. By [11] , up to a permutation of indices, n 3 ∈ Proof. By virtue of Corollary 22, it is sufficient to check that the ideal I S has a unique minimal generating set which is proved in [9, Theorem 17] . For the convenience of the reader we give an alternative proof not using the theory they developed there.
Assume that α 31 α 32 = 0 or (α 31 , α 32 ) is not unique. We prove then that | deg( 2 } are two different minimal generating sets for I S . Thus, no minimal free resolution can be indispensable.
For the converse, assume that (α 31 , α 32 ) is unique with α 31 α 32 = 0. In this case, α 31 < m 2 and α 32 < m 1 , since otherwise α 31 m 1 + α 32 m 2 would be
Since there is only one 2−Betti degree, K[S] has a strongly indispensable minimal free resolution by Lemma 19.
Since a 3-generated symmetric semigroup is always complete intersection, using Proposition 23, one can easily check when the minimal free resolution is strongly indispensable as the following illustrates.
Example 24. Let α 3 ≥ 2. Then S = α 3 ·2, α 3 ·3, n 3 has strongly indispensable minimal free resolution if and only if n 3 ∈ {5, 7}.
Let us now look at symmetric S = n 1 , n 2 , n 3 , n 4 which is a complete intersection. By [1] or [6, 16] , up to a permutation of indices, we have two cases:
Case I: S ′ = n 1 /ℓ, n 2 /ℓ, n 3 /ℓ is symmetric as in Proposition 23, where the positive integer ℓ = gcd(n 1 , n 2 , n 3 ) is the smallest such that ℓn 4 ∈ n 1 , n 2 , n 3 . If we write ℓn 4 = α 41 n 1 + α 42 n 2 + α 43 n 3 for some non-negative α 41 , α 42 and α 43 , then I S = F 1 , F 2 , F 3 , where F 1 and F 2 are as in Proposition 23, and
Case II: pp ′ ∈ n 1 , n 2 ∩ n 3 , n 4 with p = gcd(n 1 , n 2 ) and p ′ = gcd(n 3
The following also extends [4, Theorem 4.4] to strongly indispensable minimal free resolutions.
Theorem 25. Let S be a 4−generated complete intersection semigroup. Then K[S] has a minimal free resolution that is strongly indispensable if and only if
Proof. By the virtue of Corollary 22 it is enough to prove that the toric ideal I S is generated by indispensable binomials which we address below.
Case I: We know that 
∈ S if and only if (α 31 , α 32 ) is unique with α 31 α 32 = 0, since s ′ ∈ S ′ if and only if ℓ · s ′ ∈ S. Necessity of uniqueness of (α 41 , α 42 , α 43 ) is obvious as in the proof of Proposition 23. To prove necessity of the second part, assume that α 41 = α 43 = 0. Then, we get
The other two cases can be done similarly. Now, we prove sufficiency. Set α 1 = m 2 , α 2 = m 1 and α 4 = ℓ. By uniqueness, α i > α 4i , for i = 1, 2, 3. This can be seen from the following equations:
with a 1 ≥ α 1 which contradicts to α 1 > α 41 as by uniqueness a 1 = α 41 .
Permuting 1 and 3 in the indices of α i , n i and a i above gives the identical proof for deg(
Since at least two of the numbers α 41 , α 42 and α 43 are non-zero, either α 41 = 0 or α 42 = 0. As deg(F 1 ) − deg(F 3 ) = α 1 n 1 − α 41 n 1 − α 42 n 2 − α 43 n 3 ∈ S implies (α 1 − α 41 )n 1 ∈ n 2 , n 3 , n 4 , when α 41 = 0, and yields (α 2 − α 42 )n 2 ∈ n 1 , n 3 , n 4 , when α 42 = 0, both cases contradict to α i being the smallest, for i = 1, 2.
Let deg(
Since α 3 is the smallest positive integer with α 3 n 3 ∈ n 1 , n 2 , n 4 , it follows that α 43 = u 3 = 0. Setting γ 1 = α 31 −α 41 −u 1 and γ 2 = α 32 −α 42 −u 2 , and by using α 3 n 3 = α 31 n 1 +α 32 n 2 , we get the equality
Since u 4 n 4 ≥ 0, both γ 1 and γ 2 can not be negative simultaneously. So, if γ 1 < 0 and γ 2 ≥ 0, then equation 1 yields γ 2 n 2 = −γ 1 n 1 + u 4 n 4 ∈ n 1 , n 3 , n 4 , which contradicts to α 2 being the smallest coefficients of n 2 with this property, since by the proof of Proposition 23, we have α 2 = m 1 > α 32 > γ 2 . The case γ 2 < 0 and γ 1 ≥ 0 is taken care of the same way. Let us analyze the case where both γ 1 and γ 2 are non-negative, in which case u 4 n 4 ∈ n 1 , n 2 , n 3 . Since α 4 is the smallest, we must have u 4 ≥ α 4 . Suppose u 4 = qα 4 + r with 0 < q and 0 ≤ r < α 4 . Then, equation 1 becomes γ 
, we obtain two different minimal generating set for the ideal I S . On the other hand, if
, for all i = 1, . . . , 4. The other three cases are similar. Now, we prove sufficiency. If deg(
As α 1 − p 1 > 0, the right hand side is positive and so is p 2 − u 2 . But, this contradicts to α 2 being the smallest, since 0 < p 2 − u 2 ≤ p 2 < α 2 . One can easily prove that deg(
for some non-negative integers u i . Then, we get that
and that α 3 − p 3 − u 3 > 0 contradicting to α 3 being the smallest. deg(F 1 ) − deg(F 3 ) / ∈ S can be shown similarly.
Suppose finally that deg(
, for some non-negative integers u i . Then, we obtain
Let δpp ′ = α 1 n 1 + u 1 n 1 + u 2 n 2 . Since α 1 > 0, we have clearly δ > 0. Then, the other equality α 3 n 3 − u 3 n 3 − u 4 n 4 = δpp ′ yields the following
which we prove absurd in the previous step.
Example 26. Let ℓ ≥ 2. It is easy to see, using Example 24 and Theorem 25, that a complete intersection semigroup of the type S = ℓ · 4, ℓ · 6, ℓ · 5, n 4 has strongly indispensable minimal free resolution if and only if n 4 ∈ {9, 11, 13}. An example for the second case of the previous theorem is produced by the semigroup S = 15 · 5, 15 · 12, 17 · 7, 17 · 8 .
Since F 3 = x 1 x 2 −x 3 x 4 corresponds to the unique quadruple (p 1 , p 2 , p 3 , p 4 ) = (1, 1, 1, 1) , the minimal free resolution is strongly indispensable.
Theorem 27. Let S be a symmetric, 4−generated but not a complete intersection semigroup. Then, the minimal free resolution of K[S] is strongly indispensable.
Proof. As before Corollary 22 reduces the problem to prove that the toric ideal I S is generated by indispensable binomials which is addressed in [12, Corollary 3.13] . As an alternative, we give a direct proof here. Assume that deg(f 3 ) − deg(f 1 ) ∈ S, where f i are as in Theorem 4. Then, by using B in Corollary 13 also, we obtain the following α 3 n 3 − α 1 n 1 = α 43 n 3 − α 14 n 4 = u 1 n 1 + u 2 n 2 + u 3 n 3 + u 4 n 4 , for some non-negative integers u i . This means that (α 43 − u 3 )n 3 = u 1 n 1 + u 2 n 2 + (α 14 + u 4 )n 4 which contradicts to α 3 being the smallest positive integer u satisfying un 3 ∈ n 1 , n 2 , n 4 , since α 3 > α 43 by Theorem 4. One can similarly check the others.
For numerical semigroups of embedding dimension less than 5, we have seen that (strong) indispensability of a minimal free resolution of a Gorenstein K[S] depends only on the first Betti degrees, that is differences of all Betti degrees depend only on the differences of the first Betti degrees. This is no longer true in embedding dimension 5 as the following illustrates. Since the differences of the first Betti degrees do not belong to S, we see that I S is generated by indispensable binomials but it can not have a strongly indispensable minimal free resolution as β 2,113 = 2 and thus 113 − 113 = 0 ∈ S. Proposition 29. Let S = n 1 , n 2 , n 3 , n 4 be a 4-generated pseudosymmetric semigroup.
Then K[S] has a strongly indispensable resolution if and only if the differences between the 1-Betti degrees and between the 2-Betti degrees do not belong to S.
Proof. Let N = 4 i=1 n i . By Proposition 9 the 3-Betti degrees are g(S)/2 + N and g(S) + N . Thus in this case the difference between the 3-Betti degrees, g(S)/2, is never in S.
The two conditions in the proposition above are necessary as the following examples reveal.
Example 30. The semigroup S = 13, 9, 11, 14 of example 18 does not have a strongly indispensable resolution, since non-negative differences between the 1-Betti degrees are 2, 3, 5, 10, 12, 15, 17, 20 but 20 ∈ S, even though non-negative differences between the 2-Betti degrees, i.e. 1, 2, 3, 4, 5, 6, 7, do not belong to S.
For (α 1 , α 2 , α 3 , α 4 , α 21 ) = (5, 2, 2, 2, 2), we get by Theorem 5 that S = 5, 12, 11, 14 is pseudosymmetric. Non-negative differences of the first Betti degrees are 1, 2, 3, 4, 6 which do not belong to S and thus I S is generated minimally by indispensable binomials. But non-negative differences of the second Betti degrees are 1, 2, 3, 4, 6, 7, 8, 9, 10 and since 10 ∈ S it follows that the minimal free resolution of K[S] is not strongly indispensable.
Finally, S = 5, 11, 8, 12 is pseudosymmetric again by Theorem 5, where the numbers n i are determined by (α 1 , α 2 , α 3 , α 4 , α 21 ) = (4, 2, 2, 2, 2). It can be seen that nonnegative differences of the first Betti degrees are 1, 2, 3, 4, 6, 7, 8 with 8 ∈ S, and nonnegative differences of the second Betti degrees are 1, 3, 4, 6, 7, 10 with 10 ∈ S. Therefore, both conditions do not hold and I S does not have a strongly indispensable minimal free resolution.
